We investigate k-colorings of the rational n-space, Q n , such that any two points at distance one get distinct colors. Two types of colorings are considered: patch colorings where the colors occupy open sets with parts of their boundary, and rigid colorings which uniquely extend from any open subset of Q n . We prove that the existence of a patch k-coloring of Q n implies the existence of a k-coloring of R n . We show that every 2-coloring of Q 2 or Q
INTRODUCTION
Partitioning the Euclidean n-space, R n , or its rational subspace, Q n , into minimal number of sets in such a way that within one set no two points are at unit distance apart is one of the best known problems of combinatorial geometry. The problem posed by Hadwiger [4] , for R n , and its many variants have a large bibliography. We refer the reader to expository texts and surveys including a comprehensive history of the subject in [5, 8, 11, 12] .
These partition problems are usually formulated in the language of graph theory. The chromatic number, q(G), of a graph G is the minimum number of colors necessary to color the vertex set of G in such a way that no two adjacent vertices have the same color. For A ı R n , let G(A) denote the unit-distance graph of A defined with vertex set A, two points being adjacent if and only if their Euclidean distance is one. A proper coloring of the unit-distance graph G(A) with k colors is a partition of A into k independent sets, C 1 , ..., C k . We will simply refer to C={C 1 , ..., C k } as a k-coloring of A, and the invariant q(A)=q(G(A)) will be also called the chromatic number of the set A. The partition problem above translates naturally into finding q(R n ) or q (Q n )=4 (see [1, 15] ). The well-known 7-coloring of the plane using hexagonal cells can be considered a ''patch coloring'' where colors occupy open regions with parts of their boundaries. In Section 3 the existence of k-colorings of R n will be connected with the existence of patch k-colorings of Q n . In Section 4 we shall consider rigid colorings of Q n , that is colorings which extend uniquely from any open region of Q
n . An example of such a 2-coloring of Q 2 is due to Woodall [15] . We show that the minimal colorings of Q 2 , Q
3
, and Q 4 are always rigid. To see that the opposite is not true we shall construct a rigid 3-coloring of Q 2 .
NOTATIONS AND AUXILIARY FACTS
Let N, Z, Q, and R denote the set of positive integers, integers, rationals, and reals, respectively. The Euclidean distance between points u and v of the Euclidean n-space R n will be denoted by dist (u, v) . A subset of R n is said to be nowhere dense if the interior of its closure is empty. A set contained in the union of countably many nowhere dense sets is said to be of first category. A set is called residual if its complement is of first category. For A ı R n , let cl(A) denote the closure of A in the usual topology of R n .
We say that a set B is dense in
be the open ball of R n with center v and radius r; and let S n − 1 be the unit sphere of R n centered at 0. In our discussions we shall use a few well-known results. The first one is the celebrated theorem due to de Bruijn and Erdös [2] , it reduces the coloring problem to the finite case.
Theorem A. Every graph G with finite chromatic number q(G) has a finite subgraph H such that q(H)=q(G).
The next theorem rooted in Baire's category theorem seems to be a folklore result in topology and reappears in various contexts.
Theorem C below follows from classical number theory results in Sierpiń ski [10] , for n=2; a simple proof, for every n, can be done easily by induction on n.
PATCH COLORINGS
The chromatic number of R n is finite, for every fixed n. The best known upper bound by Larman and Rogers [7] is actually q(R
Applying Theorems A and B we derive the following theorem.
Proof. By Theorem A, there exists a finite set
It is worth noting that the analogue of Theorem 3.1 with the full measure sets replacing the residual sets is also true. The proof based on the measure version of Theorem B remains the same.
A
To see this, observe that if x, y ¥ U i , and dist(x, y)=1 then one finds easily two points u, w ¥ C i such that dist(u, w)=1, a contradiction. Thus, by Theorem 3.1, For n=2, 3 , and 4, G(Q n ) has infinitely many connected components; for further discussion of the connectivity of unitdistance graphs we refer the reader to [9, 17] .
Chromatic k-colorings with respect to other than Euclidean metrics have also attracted some attention (see [3] ). We conclude this section with a related simple remark based on a hard theorem. Proof. We show that the standard chessboard 2-coloring
, where
is a patch coloring with respect to any metric l p , for p ¥ N and p > 2. First let us notice that two points at a unit l p -distance that lie on the same line parallel to one of the coordinate axes have distinct colors. Next, let
It is worth noting that Q 2 has no patch 2-coloring with respect to the l p -metric, for p=2. In fact, as it is well-known, each color in every 2-coloring of Q 2 is dense.
RIGID COLORINGS
The patch colorings are formed locally of only one color. We are now going to consider colorings displaying a very different behavior. It is known that the chromatic number of Q 2 and that of Q 3 is equal to two, and in every 2-coloring both colors are dense in the whole space. It is also known that the minimum number of colors necessary to color Q 4 is four (and no chromatic colorings are known for n \ 5). Johnson asked in [6] whether all colors are dense in any 4-coloring of Q
4
. Zaks answered this question in the affirmative in [16] . So in every known chromatic coloring of the rational n-space every color forms a dense set. By extending Zaks' arguments we are able to prove a slightly stronger density property of chromatic colorings.
A k-coloring of Q n is called S +x) 5 U contains k − 1 points of mutually distinct colors. The color of these points of U coincides in C and COE, hence the color of x is uniquely determined and the same in the two k-colorings.
Repeating the argument above we obtain that -density and thus rigidity can be also added to a general result by Zaks [16] . Let us notice that in the proof of our Theorem 4.3 finding a matrix satisfying Ay T =yOE is not necessary. Actually, it would be enough to find, for any e > 0, a unitary rational matrix A such that dist (Ay T , yOE) < e. Using the fact that the set of unitary rational matrices is dense in the set of all unitary matrices (in the usual norm), we obtain the following result analogous to that of Theorem 4.3 extending Theorem 2 of Zaks [16] .
-dense and, therefore, rigid.
We omit the proof; it bears roughly the same relation to the proof of Zaks' Theorem 2 in [16] as the proof of our Theorem 4.3 to that of Zaks' Theorem 1 in [16] .
Our points (a, b) , such that, when written in lowest terms, a and b have numerators congruent to a and c (mod 3), respectively, and they have denominators congruent to b and d (mod 3), respectively. We shall use the following stronger version of Theorem C, for n=2. 
is the result of rotating the point (a 1 , b 1 ) about the origin with the angle = (1, 0)(0, 0)(a 2 , b 2 ), the observations above imply easily that the set Proof. As in Woodall [15] , we introduce an equivalence relation on 
=1
, then b=d is an integer not divisible by 3. Hence, for any x, y ¥ Q 2 , dist(x, y)=1 implies x ' y. Therefore, to obtain a 3-coloring of Q 2 it is enough to show a 3-coloring of each equivalence class. Let G [3] be the equivalence class containing (0, 0) ). Note that G [3] is a group with respect to vector addition and consisting of all (a, b) ¥ Q 2 such that, a and b both have a denominator not divisible by 3, when written in lowest terms.
PATCH AND RIGID COLORINGS For i=0, 1, 2, define
Obviously A i 's are pairwise disjoint and G [3] =A 1 2 A 2 2 A 3 . We shall verify that {A 1 , A 2 , A 3 } is a 3-coloring of G [3] . ((a 1 ,b 1 ),(a 2 ,b 2 ) )=1 would imply 2(k − j)
For any fixed
, which is impossible, we obtain that dist ((a 1 , b 1 ), (a 2 , b 2 ) ) ] 1.
The remaining part of Q 2 will be colored with 0, 1, and 2, corresponding to the colors used in A 0 , A 1 , and A 2 as follows. Let (r k , s k ), for k=0, 1, . .., be a representative for every equivalence class of Q 2 / ' , and assume that (r 0 , s 0 )=(0, 0). If (r, s) is in the equivalence class of (r k , s k ), and (r, s) − (r k , s k ) ¥ A j , then the color of (r, s) is defined to be j. Thus color j is the set 
